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We show that certain properties of groups of automorphisms can be read off
from the actions they induce on the finite characteristic quotients of their underly-
ing group G. In particular, we obtain criteria for groups of automorphisms of a
Ž .residually finite and soluble minimax -by-finite group G to be nilpotent or soluble.
Ž .Moreover, we give explicit bounds on the class the derived length, resp. of such
groups of automorphisms in terms of invariants of G. Finally, we consider similar
questions when G is the free group of rank two.  2000 Academic Press
1. INTRODUCTION
Ž .A well-known result of P. Hall 1940 asserts that a group  of
automorphisms is nilpotent, if it stabilizes a series in its underlying group.
Moreover, Hall introduced a bound on the nilpotency class of  in this
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case. This theorem has become an important criterion for nilpotency and
has been generalized in several ways.
Here we consider the action of a group of automorphisms on the finite
characteristic quotients of its underlying group with the aim to obtain
results similar to Hall’s. We obtain such results in two different cases: for
Ž .groups which are residually finite and soluble minimax -by-finite as well
as for the free group of rank two. In particular, our main theorem is the
following.
Ž .THEOREM. Let the group G be soluble minimax -by-finite and residually
finite.
Ž . Ž .a If Aut G induces a nilpotent group of automorphisms on
eery finite characteristic quotient of G, then  is nilpotent.
Ž . Ž .b There exists an integer c c G such that eery nilpotent subgroup
Ž .of Aut G has class at most c.
Ž .  Part a of this theorem generalizes a result by D. Robinson 10 . This, in
turn, implies a well-known result by K. A. Hirsch stating that a polycyclic
group G is nilpotent if and only if all finite images of G are nilpotent. An
Ž .application of part b yields that the class of every nilpotent subgroup of
3Ž .GL n, is bounded by n.2
Moreover, we obtain characterizations as in the above theorem for  to
be soluble together with explicit bounds on the derived length of .
Furthermore, we consider two special cases of nilpotent groups and obtain
characterizations for  to be a finite p-group or to stabilize a finite series
in G. Finally, we consider similar questions for free groups G and give
affirmative answers for the free group of rank two.
2. PRELIMINARIES
A set N of normal subgroups of a group G with  N 1 is calledN N
a filter of G. Moreover, we say that N is characteristic if all subgroups in N
are characteristic and N is cofinite if all subgroups in N have finite index
in G. A group possessing a cofinite filter is called residually finite. Note
that every residually finite group which has only finitely many subgroups of
a given finite index has a characteristic cofinite filter. This applies for
example to residually finite groups which are finitely generated or have
Ž .finite rank. Recall that a group G is said to have finite Prufer rank¨
Ž .r r G if every finitely generated subgroup of G can be generated by at
most r elements.
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Ž .Let KH be characteristic subgroups of the group G and Aut G .
Ž .  1  4As usual, we set C HK    	 h h  K for all hH . Then
Ž .the quotient group   C HK can be regarded as a group ofHK 
automorphisms of HK. Moreover, if N is a characteristic filter of G,
 Ž . 4then C GN 	N N is a filter of . Clearly, if all the groups  GN
have some property P, then  is residually-P. In particular, if N is
cofinite, then  is residually finite.
Our first lemma is an elementary observation which will be fundamental
in our further investigations.
Ž .LEMMA 2.1. Let N be a characteristic filter of the group G, Aut G ,
and V be a ariety. Then  belongs to V if and only if  belongs to VGN
for eery N N.
In particular, this applies to the ariety of nilpotent groups of class at most
c, the ariety of soluble groups of deried length at most d, and to the ariety
of groups which hae finite exponent diiding e.
Proof. Let W be a set of words and V be the variety determined by
W. Suppose   V for every N N. Then, for every word wW andGN
for arbitrary elements  , . . . ,    and gG, we have g1 g wŽ 1, . . . ,  n.1 n
Ž . N 1. Hence w  , . . . ,  is trivial and  V . The converseN N 1 n
is obvious.
3. AUTOMORPHISMS OF ABELIAN MINIMAX GROUPS
In this section we consider the case of abelian groups which will be the
key step for the general case. This investigation relies on properties of
finite linear groups.
Recall that a group is said to be minimax if it has a series of finite
length whose factors satisfy either the maximal condition or the minimal
condition on subgroups. At first we exhibit a characteristic cofinite filter
for torsion-free abelian minimax groups.
Ž  .LEMMA 3.1 Robinson 10, Lemma 4.31 . Let A be a torsion-free abelian
minimax group and  an infinite set of primes. Then  A p  1 and thusp
 p 4A 	 p  is a characteristic filter of A.
LEMMA 3.2. Let n.
Ž . Ž  . Ž .a Dixon 3 A soluble subgroup of GL n, p has deried length
bounded by n
 2.
Ž .b Let A be a torsion-free abelian minimax group of rank n and
Ž . pAut A . If  induces a soluble group on AA for infinitely many
primes p, then  is soluble of deried length at most n
 2.
DARDANO, EICK, AND MENTH564
Ž . pProof. If Aut A and p is a prime, then  embeds intoA A
Ž . Ž . Ž .GL n, p . Thus b is a consequence of a and Lemmas 2.1 and 3.1.
Ž .In fact, Dixon has shown the result recalled in Lemma 3.2 a for
Ž .GL n, K with arbitrary field K. A similar argument cannot be used for
Ž .the nilpotency class, since the class of a nilpotent subgroup of GL n, p is
   not bounded by a function in n; see 1, 15 or compare with 4, Chap. 6 . In
the following theorem we introduce a method to avoid this problem for
our applications. By this method, we obtain a result like Dixon’s for
Ž .nilpotent subgroups of GL n, .
THEOREM 3.1. Let n.
Ž .a There exists an infinite set  of primes such that a nilpotentn
3Ž .subgroup of GL n, p has class bounded by n for all p  .n2
Ž .b Let A be a torsion-free abelian minimax group of rank n and
Ž . pAut A . If  induces a nilpotent group on AA for infinitely many
3primes p  , then  is nilpotent of class at most n.n 2
3Ž . Ž .c A nilpotent subgroup of GL n, has class bounded by n.2
Ž .In the remainder of this section we prove Theorem 3.1. Part b is an
Ž . Ž .immediate consequence of a and Lemmas 3.1 and 2.1. For part c we
note that it is sufficient to consider a finitely generated nilpotent subgroup
² : Ž .  , . . . ,  of GL n, . Let  be the set of prime divisors of all1 k
denominators of non-zero entries in  and 1 for 1 i k. Theni i
Ž .GL n, , where  is the subgroup of  consisting of fractions 
ab such that each prime divisor of b is in  . But the direct sum of n
copies of  is a torsion-free abelian minimax group of rank n and hence
Ž . Ž .part c follows from part b .
Ž .Thus it remains to prove part a . Clearly, to limit the class of the
Ž .nilpotent subgroups of GL n, p it is enough to find a bound for the class
Ž . Ž .of a Sylow q-subgroup S n, p of GL n, p for all primes q dividingq
 Ž .  Ž .GL n, p . It is well known that the class of S n, p is n 1. Moreover, ifp
Ž .  q n and q p, then S n, p is abelian by 4, Theorem 1.4.B . Hence itq
Ž .suffices to consider the Sylow subgroups S n, p with q n and q p. Inq
particular, we only have to consider a finite set of primes q which depends
on n only.
Ž .LEMMA 3.3. Let n, p, q primes, and S n, p a Sylow q-subgroup ofq
Ž .GL n, p .
Ž . 2  Ž .  Ž32.na If q 2 and p q
 1 mod q , then S n, p  q andq
3Ž Ž ..cl S n, p  n 1.q 2
3Ž52.nŽ .  Ž .  Ž Ž ..b If p 3 mod 8, then S n, p  2 and cl S n, p  n.2 q 2
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Ž .Proof. Let  x be the ith cyclotomic polynomial over . Denote by ei i
n nŽn1.2 e e1 n Ž .  Ž . Ž .the integer part of . Then GL n, p  p   p   p .1 ni
 Ž .  Ž .Each prime q p dividing GL n, p divides at least one factor  p .i
Ž .  l Ž .4Hence we have to study  i max l 	 q divides  p for 1 i n.q i
First consider the case q 2 and p q
 1 mod q2. Then p 1 mod q
  Ž j.and thus by 8, Lemma IX.8.1.a , we obtain  q  1 for j 1 andq
Ž . Ž . i  0, if i is not a power of q. Moreover, since  p  p 1q 1
2 Ž .q mod q by our assumption, we get  1  1. Hence the maximal q-powerq
 Ž .  e1
e q   
eq kdividing GL n, p cannot exceed q where k is maximal with
q k  n.
 Now assume q 2 and p 3 mod 8. Again by 8, Lemma IX.8.1.b , we
Ž j. Ž .have  2  1 for j 2 and  i  0 if i is not a power of 2. Moreover,2 2
Ž . Ž .since  p  p 1 2 mod 8 and  p  p
 1 4 mod 8, we obtain1 2
Ž . Ž .  Ž .  1  1 and  2  2. Hence the maximal 2-power dividing GL n, p is2 2
bounded by 2 e1
2 e2
e 4
   
e2 k where k is maximal with 2 k  n.
For any prime q and non-negative integer j, we have e j  nq j andq
therefore
1 1
ke 
 e 
 
e  n 1
 
 
1 q q kž /q q
1 1q k
1 q
 n  n .ž /ž /1 1q q 1
3Ž32.n Ž .  Ž Ž ..For q 3, this gives us S n, p  q and cl S n, p  n 1.q q 2
n 5
kFor q  2, we have e 
 2 e 
 e 
 
e  
 2n  n and1 2 4 2 2 2
 Ž .  Ž52.nS n, p  2 . In order to get the desired upper bound for the class of2
Ž .  S n, p , we consider the structure of this group. By 1, Theorem 1 ,2
Ž . Ž k . kS n, p is a direct product of groups S 2 , p where 2  n. Therefore it2 2
3k kŽ Ž ..  suffices to show cl S 2 , p   2 for every k. By 1, p. 142 , we2 2
have
S 2 k , p W C   C ,Ž .2 2 2  
k 1
Ž .where W S 2, p is a semidihedral group of order 16 and class 3. If a2
group A has an upper central series of length c with factors of exponent 2,
then A C has such a series of length 2c. Hence, by induction, we get2
3k k1 kŽ Ž ..cl S 2 , p  3  2   2 .2 2
Ž .Note that for p 2 and n a power of 2, the Sylow subgroup S n, p has2
3class exactly n. Now by Lemma 3.3, we just have to find primes p which2
solve the congruences p 3 mod 8 and p q
 1 mod q2 for all primes q
with 2 q n. The following lemma asserts that there are infinitely many
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primes which solve such congruences and hence completes the proof of
Theorem 3.1.
LEMMA 3.4. Let x a mod m for 1 i h be a system of lineari i
congruences such that all the moduli m , . . . , m are pairwise coprime and1 h
such that a and m are coprime for each index i. Then there exist infinitelyi i
many primes soling this system.
Proof. By the Chinese remainder theorem we can construct a congru-
ence x a mod m such that a and m are coprime and such that each
solution of this new congruence solves all the congruences x a mod m .i i
By Dirichlet’s theorem such a congruence x a mod m is solved by
infinitely many primes.
4. AUTOMORPHISMS OF SOLUBLE MINIMAX GROUPS
In this section we will first prove our main theorem as stated in the
Introduction and then consider similar questions for other properties than
Ž .nilpotency. To shorten notation, let  be the class of soluble minimax -
by-finite groups. As a first step for our proof we need to describe the
structure of residually finite -groups suitable for our purposes.
DEFINITION. A significant -series GG G   G  1 of a0 1 1
group G is a series such that GG is finite and G G is a torsion-free0 i1 i
 4abelian minimax group for all i 1, . . . , l . The finite quotient GG is0
called a significant finite quotient of G. The subgroup G is called a0
Ž  .completely infinite subgroup of G cf. 11, part 2, p. 138 . Clearly, a
significant finite quotient is by no means unique.
Ž .LEMMA 4.1. a A group with a significant -series is a residually finite
-group. Conersely, a residually finite -group has a characteristic signifi-
cant -series.
Ž .b The class of residually finite -groups is closed with respect to
forming extensions.
Ž .c The upper central series of a torsion-free nilpotent -group is a
significant -series.
Ž . Ž . Proof. Parts a and b follow from 14, Lemma 1.5, 11, Corollary 1 to
 Ž .Theorem 9.31 . To prove c , recall that the factors of the upper central
 series in a torsion-free group are torsion-free 11, Theorem 2.25 .
Ž .Recall that a group G is said to have finite torsion-free rank r G if0
there exists a finite series in G each of whose factors is either cyclic or
Ž .torsion and r G is the number of infinite cyclic factors. This number0
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does not depend on the chosen series. In the following lemma, we collect
the properties of ranks which will be used later.
Ž .LEMMA 4.2. An -group G has finite rank r G . Moreoer,
Ž . Ž . Ž .a r G  r G .0
Ž . Ž . Ž .b r G  r G if G is torsion-free and nilpotent.0
Ž .c If G has a significant -series GG G   G  1,0 1 l
then
l l
r G  r G  r G G  r G GŽ . Ž . Ž . Ž .Ý Ý0 0 0 0 i1 i i1 i
i1 i1
Ž .and each finite quotient of G can be generated by r G elements.0 0 0
Ž Proof. The introduction part of the statement is well known see 11,
. Ž . Ž part 2, p. 166 and part a follows from a result by Robinson see 12,
. Ž .Lemma 8 . Part b is shown by considering the upper central series and
Ž .using the fact that this series is significant by Lemma 4.1 c . To show part
Ž .c observe that Prufer rank and torsion-free rank coincide for torsion-free¨
abelian groups. Finally, if G K is finite, then for every 1 i l, the0
factor G KG K is isomorphic to a finite quotient of G G andi1 i i1 i
Ž . Ž .therefore generated by at most r G G  r G G elements.i1 i 0 i1 i
Ž .For a normal abelian subgroup A of G we denote by  G, A the
Ž .subgroup of Aut G stabilizing the series G A 1. It is easily verified
Ž . Ž .that if A is elementary abelian torsion-free, resp. , then so is  G, A .
LEMMA 4.3. Let G be a group with finite rank and A a normal elementary
abelian p-subgroup of G with rank m. If eery finite quotient of G can be
generated by at most t elements, then the rank of the elementary abelian
Ž .p-group  G, A is bounded by mt.
Proof. We use an argument similar to that used to prove Lemma 2.5 in
  Ž . p14 . Let C C A and K C	C . Then C has finite index in GG
because A is finite. Moreover, C has finite rank, so K has finite index in
C. Thus GK is finite and therefore generated by at most t elements, say
Ž . 1 
g K, . . . , g K. Let 
  G, A . Then the mapping C A : g g g is1 t
a group homomorphism and thus K is contained in its kernel. Hence 
 is
Ž 1 
 1 
 .defined by its images on g , . . . , g . Therefore 
 g g , . . . , g g is a1 t 1 t t t
Ž .monomorphism of  G, A into a direct product of t copies of A and
Ž . G, A is elementary abelian of rank at most mt.
Now we are in a position to prove our results for automorphism groups
of residually finite -groups. These groups are known to be subject to
 severe restrictions. For example, Wehrfritz showed in 14 that for every
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Ž .G , there exists an integer k G such that every periodic subgroup of
Ž . Ž .Aut G has finite order at most k G . Moreover, questions which are
 related to ours have been considered recently in 2, 6 .
THEOREM 4.1. Let G be a residually finite -group with rank r and
Ž .torsion-free rank n. If Aut G induces a nilpotent group of automor-
phisms on each finite characteristic quotient of G, then  is nilpotent.
Moreoer, in this case the class of  is bounded as follows using a
-inariant significant finite quotient GG of G.0
3Ž . Ž . Ž .a cl   rn
 n
 c, where c cl  .GG2 0
Ž . Ž . 2b cl   n 
 tn
 c, where additionally t is the number of genera-
tors of GG .0
Ž . Ž . 2c If G is torsion-free nilpotent, then cl   n .
Ž .Proof. First we prove the main statement with the bound of part a .
Suppose that  induces a nilpotent group of automorphisms on every
finite characteristic quotient of G. Using induction on the torsion-free
3rank n of G, we will show that  is nilpotent of class at most b rn
 n2

 c.
Let GG   G  1 be a -invariant significant -series in G.0 l
If n 0, then G  1 and G is finite. Hence the theorem is obviously0
true. Now let n 0 and consider the group AG . Let m be the rankl1
Ž .of A and  an infinite set of primes as in Theorem 3.1 a . Then bym
 p 4Lemma 3.1, A 	 p  is a characteristic cofinite filter of A. Bym
Lemma 2.1, it suffices to show that  p has class at most b for everyG A
p  .m
p pWe fix a prime p  and denote GGA and A AA . First,m
Ž . Ž .we observe that G is a residually finite -group by Lemma 4.1 a , b .
Ž .Moreover, we have r G  nm n. Hence, by induction,  is nilpo-0 G
tent.
We consider the natural homomorphism      with kernelG G A A
Ž . G, A . Since  is nilpotent, we obtain that  and  are nilpotentG G A A
as well. Moreover, using the  -invariant significant -series GAG A
Ž .G A  G A 1 we can apply a to GAGA by induc-0 l1
3Ž . Ž .tion. Hence the class of  is at most c  r nm 
 nm 
 c.G A 1 2
mOn the other hand, A is an elementary abelian group of order p , so the
3class of  is bounded by c  m due to Theorem 3.1.A 2 2
Ž . Ž .Let d be the integer part of c 
 c . Then the d
 1 st term  1 2 d
1 G
of the lower central series of  centralizes both GA and A. Hence it isG
Ž . Ž .contained in  G, A . However,  G, A is a normal p-subgroup of the
nilpotent group  and has rank at most mr by Lemma 4.3. ThusG
Ž . Ž .     and the class of  is bounded by d
mr c 
 cd
1 G m r G G 1 2

mr b as desired.
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Ž .Part b of the theorem is proved in a similar manner. As above, we
2Ž .obtain by induction that the class of  is bounded by c  nm 
G A 1
3Ž .t nm 
 c. Moreover, the class of  is bounded by c  m. ByA 2 2
Ž .Lemma 4.2 c , every finite quotient of G A can be generated by nm0
elements, so every finite quotient of GA is generated by nm
 t
elements.
Ž  4. Ž .Set d int max c , c . By Lemma 4.3, the rank of  G, A is at most1 2
Ž . 2sm nm
 t . Hence it remains to show that d
 s n 
 tn
 c. If
d c , then d
 s n2 mn
 tn
 c as desired. Now assume d1
3Ž .int m . If m 1, then d 1 and d
 s n
 t. Otherwise, d
 s2
3 2Ž .m nm
 
 tm n 
 tn.2
Ž . Ž .Part c of the theorem is an obvious consequence of b .
Next we consider the case that  induces groups of prime-power order
on each finite characteristic quotient of G. It is easy to observe that in this
case the groups induced by  are p-groups for a fixed prime p.
Ž .THEOREM 4.2. Let G be a residually finite -group. If Aut G
induces a p-group on eery finite characteristic quotient of G, then  is a finite
p-group.
Proof. Let GG   G  1 be a -invariant significant -0 l
series. By induction on the torsion-free rank n of G we show that 
embeds into       . If n 0, then this is trivial.GG G G G0 0 1 l1
Otherwise set AG . Obviously it will be enough to show that l1
Ž . Ž .embeds into    , that is,  G, A   1. Since  G, A is tor-G A A
sion-free, it suffices to prove that  is periodic.
By induction hypothesis,  is a finite p-group of order ps, say. ByG A
Lemmas 3.3 and 3.4, there exists an infinite set  of primes such that an
Ž . Ž52.nSylow p-subgroup of GL n, r has order at most p for every r  .n
 5 kp 4 Ž  4. Ž .rSet     p . If k int max s, n , then  stabilizes then n G A2
r  Ž . p krchain G  A  A for every r   . This yields  n G A
Ž r r . Ž . p k Ž r .r GA , AA , so  is an r-group. On the other hand, r GAG A 0
Ž . p k Ž . p kr r n, so  is a p-group by induction hypothesis. Hence G A G A
  r 4 1 for every r  . Since A 	 r  is a characteristic filter of G,n n
the group  has finite exponent dividing pk by Lemma 2.1. Finally,  is
 finite by 14, Theorem T1 .
Now we consider a further special case of inducing nilpotent groups. It is
well known that a group which stabilizes a subgroup chain with finite
length in the underlying group is nilpotent. However, not every nilpotent
group of automorphisms stabilizes a series in the underlying group.
THEOREM 4.3. Let G be a residually finite -group with torsion-free rank
Ž .n. If Aut G stabilizes a chain in eery finite characteristic quotient of
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G, then  stabilizes a finite chain in G with length at most n
 l, where l is the
length of a chain stabilized by  in a -inariant significant finite quotient
GG of G.0
Proof. As in the proof of Theorem 4.1 and in the same notation
proceed by induction on n, the statement being trivial if n 0. Assume
 then G,   A, where s nm
 l and m is the rank of A. Note thats
 stabilizes a chain in GA p for each prime p. Since each factor AA p
m   phas order at most p we have A,   A  1, where the lastm p
equality follows from Lemma 3.1, if  is the set of all primes. Thus
   G,   A,   1 where s
m n
 l, as claimed.s
m m
Finally, we consider the case that  induces soluble groups on the finite
characteristic quotients of G. We will use the fact that a residually finite
soluble minimax group has a characteristic series whose factors are either
elementary abelian or torsion-free abelian minimax. This is obtained by
refining the first factor in a characteristic significant -series. Moreover,
the following remark gives us information about the action of  on finite
characteristic subgroups of G.
Remark 4.1. Suppose the group G has a characteristic cofinite filter N
and F is a finite characteristic subgroup of G. Then there exists an N N
Ž .such that FN 1. Hence F is Aut G -isomorphic to FNN which is a
subgroup of a finite characteristic quotient of G.
Ž .THEOREM 4.4. Let G be a residually finite -group. Suppose Aut G
induces a soluble group of automorphisms on each finite characteristic quo-
tient of G. Then the following statements hold.
Ž . Ž .a  is soluble with deried length at most d G .
Ž .b If G is soluble and l is the length of a finite characteristic series of G
such that the factors are either elementary abelian or torsion-free abelian, then
the deried length of  is at most m
 l
 1, where m is the maximal rank of
these factors.
Ž .c If G is torsion-free and nilpotent then the deried length of  is at
most n
 2, where n is the rank of G.
Ž .d If G is polycyclic, then also  is polycyclic.
Proof. Consider a characteristic series GG   G  1 where0 l
GG is finite and for each i 1, G G is either elementary abelian or0 i1 i
torsion-free abelian minimax. The stability group of this series, i.e., the
kernel of the natural homomorphism      GG G G0 0 1
 , is nilpotent of class at most l.G Gl1 l
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Ž .To prove a , it is enough to show that  is soluble with derivedG Gi1 i
Ž .length at most m
 2 for each i. Set d G  l
m
 2
 d, where d is
the maximal derived length of a soluble subgroup of the finite group
Ž .Aut GG . By assumption,  is soluble. Hence it has derived length0 GG 0
at most d . For i 1, the factor G G is either elementary abelian or0 i1 i
torsion-free abelian. In the first case,  is soluble with derivedG Gi1 i
length at most m
 2 due to Remark 4.1 applied to GG , and Lemmasi
Ž . p2.1 and 3.2 a . In the second case, for every prime p, the group G Gi1 i1
is soluble of derived length at most m
 2. Thus,  is soluble withG Gi1 i
derived length at most m
 2, as desired.
Ž .To prove b , just observe that the series of the G ’s has length li
provided GG . Hence  has derived length at most m
 l
 1.0
Ž .To prove c , proceed by induction on the nilpotency class of G. For an
Ž .abelian group G, the claim is proved in Lemma 3.2 b . Now use the upper
Žcentral series as a characteristic significant -series for G see Lemma
Ž .. Ž .4.1 c . If m is the rank of A  G , then both  and  have derivedG A A
 4length at most dmax nm
 2, m
 2 by induction hypothesis. Now
Ž .the statement follows from the commutativity of  G, A .
Ž .Finally to show d note that every soluble group of automorphisms of a
polycyclic group is polycyclic.
The following example shows that in Theorems 4.1 and 4.4 it is not
enough to take an arbitrary filter of characteristic subgroups of finite index
in G.
Ž . ² 2 a 1:EXAMPLE 4.1. a Let GD  a, b 	 a  1, b  b be the in-
² 2 n: Ž .finite dihedral group and N  b for n. Then  Inn G is notn
nilpotent, but  induces a nilpotent group on every quotient GN .n
Ž . n Ž .b Let G   and N  2 G for n. Then Aut G n
Ž .GL 2, is not soluble, but  induces a soluble group on every quotient
GN .n
5. AUTOMORPHISMS OF FREE GROUPS
As usual we denote by F a free group on a set with r elements and callr
it a free group of rank r. Note that the group F does not have finiter
Prufer rank for r 1. The free groups of finite rank also possess a¨
characteristic cofinite filter. Therefore we may ask for analogous state-
ments to those in Theorems 4.4 and 4.1. Here we prove such statements
for free groups of rank two. Our first lemma is similar to Remark 4.1.
LEMMA 5.1. Let F be a free group of finite rank and suppose that S is a
finitely generated subgroup of F. Then each finite section SM is S-isomorphic
to a section of a finite characteristic quotient of F.
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 4Proof. Let 1 s , s , . . . , s be a transversal of M in S. Since M is1 2 k
finitely generated, there exists a subgroup H of finite index in F such that
 HM and s H for 2 i k 7, Theorem 5.1 . Now SHM. Sincei
F is finitely generated, there is a characteristic subgroup N of finite index
in F such that NH. Thus SNMN SM is a section as required.
Ž .LEMMA 5.2. Let F be a free group of finite rank, and Aut F such
that  induces a soluble group on eery finite characteristic quotient of F.
Then the following hold.
Ž . Ž .a  Inn F is cyclic.
Ž .b If  induces a nilpotent group on eery finite characteristic quotient
Ž .of F, then  Inn F is contained in the centre of .
Ž . Ž .Proof. Since F Inn F , we identify    Inn F with a sub-1
group of F.
Ž .a The group  is free as it is isomorphic to a subgroup of the free1
group F. Therefore, if  is not cyclic, then it has a free subgroup S of1
rank two. This subgroup S in turn has a normal subgroup M such that
SM is a non-abelian finite simple group. Thus by Lemma 5.1,  induces1
a non-abelian simple group of automorphisms on a section of a finite
characteristic quotient FN of F. Hence  is not soluble, a contradic-FN
tion.
Ž . Ž . ² :b Suppose   1. By part a ,    is an infinite cyclic1 1

  14normal subgroup of  and we have    ,  for every 
 . Suppose
now by contradiction that there exists an 
  such that  
 1. Since
F is residually a finite 3-group and  2  1, there exists a characteristic
normal subgroup N in F such that FN is a finite 3-group and  2N.
Then 
 induces a non-trivial automorphism 
 of FN and 
 has even
order. Thus a suitable power of 
 has 2-power order and maps  to
1 mod N. On the other hand, the automorphism induced by  on FN
has order a power of 3 and does not commute with 
 . Hence  is notFN
nilpotent, a contradiction.
Ž .THEOREM 5.1. Let F be the free group of rank 2, and Aut F .2 2
Ž .a If  induces a soluble group on eery finite characteristic quotient
of F , then  is polycyclic of Hirsch length at most 2 and deried length at2
most 3.
Ž .b If  induces a nilpotent group on eery finite characteristic quotient
of F , then  is nilpotent of class at most 2.2
Ž  .Proof. By Theorem 4.4, the quotient   C F F is poly-F F  2 22 2
cyclic. On the other hand, every automorphism of F centralizing F F is2 2 2
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  Ž  . Ž .an inner automorphism; see 9, p. 25 . Now C F F  Inn F is cyclic 2 2 2
Ž .by Lemma 5.2 a . Hence  is polycyclic. By the same argument we see that
Ž . in part b the group  is nilpotent, so  is nilpotent due to LemmaF F2 2
Ž . Ž .  5.2 b . Finally, looking carefully at Djokovic’s description of Aut F in 5´ 2
we obtain the bounds given in the statement.
The argument in the proof of Theorem 5.1 works only for free groups of
rank two because for r 2, not every automorphism of F that centralizesr
FF is inner.r r
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